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(d) , $Lipschit_{\mathbb{Z}}$ ,
.
(e) . $O(\sqrt{n}\log\epsilon^{-1})$ .




(V, o) Euclid Jordan . $V$ ,
$x$ $y$ $x,$ $y\in V$ .
(i) $xoy=y\circ x$ ,
(ii) $x\circ(x^{2}\circ y)=x^{2}o(xoy)$ ( $x^{2}=x\circ x$),
$r_{\overline{T}}305- 8573$ 1-1-1, $J^{\prime\infty hi\epsilon eO\epsilon k}$.tsukuba.ac.jP. . ( $(C)1856052$,
$(C)17560050$, $(B)1831001$ , 18651076) .
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(iii) $x^{2}+y^{2}=0\Rightarrow[x=0, y=0]$ .
(iii)
(iii’) $(x\circ y, z)=(y,$ $x\circ z\rangle$
, $x\circ y$ 1 tr $(x\circ y)$ , $(x,y)\vdash$}
tr $(x\circ y)$ $(i)-(iii)$ [5],
$(x,y\rangle=tr(x\circ y)$
. $V$ $K$ . $K$
1 $x\in intK$ $y\in$ intK , $\Gamma(K)=K$ $\Gamma(x)=y$ $\Gamma:Varrow V$
. Euclid Jordan , $K\subset V$ , $K=\{x\circ x:x\in V\}$
. $(xy)\vdash\rangle$ xoy , $x\in V$ , $y\in V$
$L(x)=x\circ y$ $L(x)$ . $x,$ $y\in V$ , $x$ 2
.
$Qae,y$ $:=L(x)L(y)+L(y)L(x)-L(x\circ y),$ $Q_{g}:=Q_{a,ae}=2L^{2}(x)-L(x^{2})$
$x$ 2 .
,
- , 2 , ,
( [6, 7, 22, 20, 24]),
- [18] , ,
( [12, 21, 13]),
- ,
( [5, 8, 10, 23, 11])
. Schmieta Alizadeh [22] ,
.
.
$V$ $r$ . $V$ $K$ ( ) SCP
.
(SCP) Find $(x,y)\in KxK$
8.$t$ . $F(x,y):=y-\psi(x),$ $x\circ y=0$.





1 intK . $K$ .
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3[24] , SCP , 2 $\kappa$ $\tau$ ,
HCP .
(HCP) Find $(x,\tau,y,\kappa)\in(Kx\Re_{++})x(Kx\Re_{+})$
s.t. $F_{n}(x,\tau,y,\kappa)=0,$ $(x,\tau)\circ$ $(y, \kappa)=0$ .
.
$\Re_{+}:=\{\tau\in\Re:\tau\geq 0\},$ $\Re_{++}:=\{\tau\in\Re:\tau>0\}$ ,
$V_{w}:=Vx\Re,$ $K_{w}:=Kx\Re_{+},$ $x_{w}:=(x,\tau)\in V_{w},$ $y_{w}:=(y,\kappa)\in V_{w}$ ,
$\psi_{x}(x_{1I})=\psi_{iI}(x,\tau):=(-(\psi(x/\tau),x\rangle\tau\psi(x/\tau))$ (1)
$F_{H}(x_{1i},y_{1I})=y_{*1}-\psi_{1*}(x_{w})$ ,
$x_{lI}o_{H}y_{w}$ $:=(x Q y\tau\kappa)$ .
$K_{\mathfrak{n}}$ 2 $K$
$K_{X}=\{x_{1l}^{2}=(\begin{array}{l}x^{2}\tau^{2}\end{array})$ : $x_{r}\in V_{\kappa}\}$
. , HCP 2 ,
.
$K$ $\psi$ . $intK_{rr}$ $\psi_{r*}$ $(Prop\sim$
sition 5.3 of [24]). , $\psi_{\mathfrak{n}}$ , $\psi$








$\{(x^{\{k)},y^{(k)})\}\subseteq intKx$ intK . SCP
.
$-$ SCP , $F(x,y)=0$ .
$-$ SCP , $\lim karrow\infty^{F(x^{(k)},y^{(k)})=0}$ $\{(x^{(k)},y^{\langle k)})\}\subseteq intKx$ intK
.
HCP , [24] .
247
3.1 (Theorem 5.4 and 5.5 of [24]). $\psi$ : $Karrow V$ $K$ . .
$h_{11}^{(0)}:=(F_{H}(x_{l1}^{(0)},y_{11}^{(0)})x_{11}^{(0)}o_{H}y_{H}^{(0)})\cdot=(y_{\kappa^{0)}}^{t}-\psi_{rr}(x_{\kappa^{0)}}^{t})e_{\kappa})$ .
$(x_{H}^{(0)},y_{:r}^{(0)})=(e_{1i}, e_{r:}),$
$e_{1},$ $=(e, 1)\in intK_{1I}$ [ $V_{r1}$ ,
tr $(e_{rr})=rank(V_{1r})=r+1$
. .
(i) HCP $(\delta_{n},\hat{y}_{\mathfrak{n}})$ , HCP .
( ) HC , .
(iii) SCP , HCP $r>0$ $(x_{1}^{*},,y_{\dot{r}})=(x^{*},\tau^{*},y, \kappa)$
. , $(x^{n}/\tau^{l},y/r’)$ SCP .
(iv) $\psi$ $K$ $L$ chitz . $x\in K,$ $h\in V$
.
$||\psi(x+h)-\psi(x)||\leq\gamma||h||$
\gamma $\geq 0$ . , SCP , HCP $\kappa>0$
$(x^{*}, \tau,y^{r}, n)$ . , HCP $\kappa>0$ $(x,\tau,y, \kappa)$
, SCP . , $(x^{n}/\kappa’,y^{*}/\kappa)$ SCP
.
(v)
$P:=\{(x_{\mathfrak{n}},y_{\mathfrak{n}})\in intK_{H}xintK_{1I}$ : $H_{X}(x_{n}(t),y_{n}(t))=th_{*I}^{\langle 0)},$ $t\in(0,1$ ]\rangle
intKwx inu . $(x_{w}(0),y_{X}(0))$ HCP
.
(vi) HCP $\tau^{*}>0$ $(x_{X}^{*},y_{w}^{l})=(x,\tau,y^{t},\kappa^{*})$ , $P$
$(x_{*I}(0),y_{11}(0))=(x(0),\tau(0),y(O),$ $\kappa(0))$ $\tau(0)>0$ .
, HCP $\kappa>0$ $(x^{l}|I’ y_{w})=(x^{r},\tau,y^{*}, \kappa^{*})$ ,
$P$ $(x_{H}(0),y_{H}(0))=(x(0),\tau(0),y(O),$ $\kappa(0))$ $\kappa(0)>0$ .
. 1 $K=\Re_{+}^{n}$ $(a)-(d)$ .
.
4
, [25] , 31 (v) $P$
( ) , .
.
$(x_{I*}^{0},y_{1*}^{0})$ $:=(ee),$ $\epsilon_{w}^{0}:=y_{\mathfrak{n}}^{0}-\psi_{11}(x_{x}),$ $\mu_{1i}^{0}:=(x_{1*}^{0},y_{1I}^{0}\rangle_{n}/(r+1)$ .
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31 (ii) , HCP ,
. $(x_{rr}, y_{1I})$ . .
$H_{H}(x_{n},y_{H})=(y_{lI}-\psi_{H}(x_{1I})x_{R}o_{H}y_{H})=(\begin{array}{l}\mu_{H}e_{l1}0\end{array})$ . (2)
Newton , .
$\{\begin{array}{l}\Delta x_{H}oy_{H}+x_{\kappa}o\Delta y_{R}=\gamma\mu_{H}e-x_{H}oy_{H}\Delta y_{\kappa}-D\psi(x_{11})\Delta x_{r*}=-\eta s_{1I}\end{array}$ (3)
$(\Delta x_{w}, \Delta y_{\mathfrak{n}})\in VxV,$ $\epsilon_{n}:=y_{1I}-\psi_{1l}(x_{W}),$ $\mu_{*1}=\{x_{II},y_{1I}\}_{\kappa}/(r+1)$ (4)
, $\eta,\gamma\in[0,1]$ .
, $xy+yx$ [1].
1 , Monteiro-Zhang , [16, $1\eta$ .
$(x_{x},y_{I1})\in intK_{r\iota}xintK_{H}$ , .
$\mathcal{P}(x_{\kappa}, y_{1i})$ $:=$ {$p\in intK$. I $Q_{p}x$. $Q_{p^{-1}}y_{\mathfrak{n}}$ .}.
.
$\tilde{x}_{l},$ $:=Q_{p}x_{I1},\tilde{y}_{\mathfrak{n}}:=Q_{p^{-1}}y_{1I}$ . (5)
. $(\Delta x_{w}, \Delta y_{1I})$ .
$(\Delta x_{\mathfrak{n}},\Delta y_{ll}):=(Q_{p}^{-1}\overline{\Delta x}_{r*},Q_{p}\overline{\Delta y}_{II})$ (6)
$(\overline{\Delta x}_{w},\overline{\Delta y}_{r*})$ s $\mu_{X}=(\tilde{x}_{1}.,\tilde{y}|*\rangle_{H}/(r+1)$ , Newton
.
$\{\begin{array}{l}\overline{\Delta x}_{il}0_{W}\overline{\Delta y}_{H}+\overline{\Delta x}_{\kappa}0_{H}\overline{\Delta y}_{w}=\gamma\mu_{11}e-\tilde{x}_{1I}\circ_{B}\tilde{y}_{n}\overline{\Delta y}_{\mathfrak{n}}-D\tilde{\psi}_{lI}(\tilde{x}_{1I})\overline{\Delta x}_{n}=-\eta(\tilde{y}_{B}-\tilde{\psi}_{l1}(\tilde{x}_{n}))\end{array}$ (7)




41(Lemma 6.3 of [25]). (7) $(\overline{\Delta x},\overline{\Delta y});=(Q_{p}\Delta x$, Q;l\Delta .
$p=y_{K}^{1/2}$ , $\tilde{y}_{11}=e_{1l}$ , $p\in \mathcal{P}(x_{H}, y_{1i})$ . $xy$ . .
$p=x_{\overline{rr}^{1/2}}$ , $\tilde{x}_{1I}=e_{R}$) , $P\in \mathcal{P}(x_{\mathfrak{n}}, y_{H})$ . $yx$ . $P\in \mathcal{P}(x_{1I},y_{1I})$
, $\tilde{x}_{\mathfrak{n}}=$ , Nesterov-Todd(NT) .
, , 1 .
$\{\begin{array}{l}x_{w}(\alpha):=x_{\mathfrak{n}}+a\Delta x_{r*}y_{x}(\alpha);=y_{11}+\alpha\Delta y_{\kappa}+\psi_{ii}(x_{X}(a))-h(x_{1i})-\alpha D\psi_{1I}(x_{1*})\Delta x_{\kappa}=\psi_{1I}(x_{1i}(\alpha))+(1-\alpha\eta)\epsilon_{1*}\end{array}$ (8)
, (3) $\epsilon_{H}$ (4) .
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Monteiro and Adler [15] ,
( [26, 19, 14]).
, 3 .
$\mathcal{N}_{r}(\beta)$ $:=\{(x_{H},y_{rr})\in_{1I}KxK_{w}|d_{F}(x_{II},y_{w})\leq\beta\mu_{I*}\}$ ,
$\mathcal{N}_{2}(\beta)$ $:=\{(x_{w},y|I)\in K_{\mathfrak{n}}xK_{ii}|d_{2}(x_{H},y_{rr})\leq\beta\mu_{I1}\}$ , (9)
$N_{-\infty}(\beta)$ $:=\{(x_{x},y_{w})\in K_{w}xK_{R}|d_{-\infty}(x_{\mathfrak{n}},y_{Ii})\leq\beta\mu_{I1}\}$ .
, $\beta\in(0,1),$ $w_{1l}=Q_{g_{H}^{1/2}}$ ,
$d_{-\infty}(x_{1l},y_{lI}):=\mu_{B}e_{w}-\lambda_{\min}(w_{H})$
. $\beta\in(0,1)$ , $\mathcal{N}_{2}(\beta)\subseteq N_{2}(\beta)\subseteq N_{-\infty}(\beta)$ (Proposition 29 of
[22]). , $N_{2}(\beta),$ $N_{2}(\beta),$ $N_{-\infty}(\beta)$
, , .
2 3 (8) , 6
. ,
. $\psi$ $Lipschit\mathbb{Z}$ $\theta\geq 0$ , . $\psi$
, [15, 26, 19, 14, 3] $Lipschit\mathbb{Z}$
.
4.1. $\theta\geq 0$ , $z\in intK,$ $\Delta z\in V,$ $p\in \mathcal{P}(x, y),$ $z(\alpha)\in intK$ $a\in[0,1]$
.
$\Vert\tilde{z}(\alpha)\circ(\tilde{\psi}(\overline{z}(\alpha))-\tilde{\psi}(\tilde{z})-\alpha D\tilde{\psi}(\tilde{z})\overline{\Delta_{Z}})\Vert_{*}\leq\alpha^{2}\theta(\overline{\Delta z},D\tilde{\psi}(\tilde{z})\overline{\Delta z})$ .
$\overline{\Delta z}(a)=Q_{p}(z+\alpha\Delta z),\tilde{\psi}(\tilde{z})=Q_{p}^{-1}\cdot\psi\cdot Q_{p}^{-1}(\tilde{z})=Q_{p}^{-1}\psi(z)$
. $\phi_{1}\cdot\phi_{2}$ $\phi_{1}$ .
$\psi$ , $\psi$ $\theta=0$ . $\psi$
, , $\psi$ 4.1 , $\psi_{1*}$
.
4.1 ($Th\infty rem8.1$ of [25]). $\psi$ ; $Karrow V$ 41 . $\psi_{X}$ for all
$x_{n}\in intK_{l*},$ $\Delta x_{R}\in V,$ $p_{H}\in \mathcal{P}(x_{\kappa},y_{li}),$ $x_{B}(\alpha)\in intK$ $\alpha\in[0,1]$ .
$\Vert\tilde{x}_{n}(a)\circ_{X}(\tilde{\psi}_{1|}(\tilde{x}_{X}(\alpha))-\tilde{\psi}_{W}(\tilde{x}_{H})-aD\tilde{\psi}_{11}(\tilde{x}_{1i})\overline{\Delta x}_{1I})\Vert,$$\leq\sqrt{5}\alpha^{2}\theta(\overline{\Delta x}_{n},D\tilde{\psi}_{r}(\tilde{x}_{x})\overline{\Delta x}_{r})_{r}$
,
$\overline{\Delta x}_{1*}(\alpha)=Q_{PlI}(x_{1*}+a\Delta z_{w}),\tilde{\psi}_{1I}(\tilde{z}_{H})=Q_{pii}^{-1}]l\psi_{1iw}Q_{pr*}^{-1}(\tilde{x}_{r})=Q_{p][}^{-1}\psi_{n}(x_{1*})$




4.2 (Theorem 9.1 of [25]). $\beta\in(0,1)$ $1-\eta-\gamma=0$ , $\psi_{w}$ : $Karrow V$ 41
.
$\overline{\alpha}$
$:= \frac{\beta\gamma\mu_{H}}{(1+\sqrt{5}\theta)||\overline{\Delta x}_{1I}||_{p}||\overline{\Delta y}_{H}||_{r}}$ .
, .
(i) $(x_{1*},y_{r1})\in \mathcal{N}_{r}|(\beta)$ , $0\leq\alpha\leq\overline{\alpha}$ , $(x_{x}(\alpha),y_{*I}(\alpha))\in N_{p}(\beta)$ .
(ii) $(x_{1I},y_{w})\in \mathcal{N}_{2}(\beta)$ , $0\leq\alpha\leq\overline{a}$ , $(x_{1},(\alpha),y_{x}(\alpha))\in N_{2}(\beta)$ .
(iil) $(x_{1*},y_{w})\in \mathcal{N}_{-\infty}(\beta)$ , $0\leq\alpha\leq\delta$ , $(x_{w}(\alpha),y_{r}(a))\in N_{-\infty}(\beta)$ .
$\overline{\alpha}$ , .
, , $(x_{1i}(\alpha),y_{w}(\alpha))\in \mathcal{N}_{-\infty}(\beta)$
$\alpha$ , (8) .
.
Input 1. $\epsilon>0$ $\beta\in(0,1)$ .
2. $\mathcal{N}(\beta)\in\{\mathcal{N}_{r}(\beta), N_{2}(\beta), N_{-\infty}(\beta)\}$ .
S. $N(\beta)=N_{P}(\beta)$ $\gamma:=1-1/\sqrt{r+1}$ , $N(\beta)=N_{2}(\beta)$ $\mathcal{N}(\beta)=N_{-\infty}(\beta)$
$\gamma:=1/2$ .
4. $\eta=1-\gamma$ .




1. $(x_{1I}, y_{1*}):=(x_{w}^{\langle k)},y_{B}^{(k)})$ $\mu_{n}:=\mu_{X}^{\langle k)}$ .
2. $P\in \mathcal{P}(x_{1*},y_{1*})$ . (5) $(\tilde{x},\tilde{y})$ .
$. Newton (7) , (6) , Newton
$(\Delta x_{H}, \Delta y_{H})$ .
4. (8) $x_{H}(\alpha)$ $y_{H}(\alpha)$ , $(x_{11}(\alpha), y_{H}(\alpha))\in \mathcal{N}(\beta)$
$\tilde{\alpha}\in(0,1$ ] .




, 42 $\overline{\alpha}$ ,
$\overline{\alpha}$ . , $\overline{\alpha}$
.
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4.3 (Theorem 7.1 of [25]). (5) $(\tilde{x},\tilde{y})$ $G=L(\tilde{y})^{-1}L(\tilde{x})$ , $K_{G}$ $G$
$K_{G}= \frac{\lambda_{\max}(G)}{\lambda_{\min}(G)}$ .
. $\eta,\gamma\in(0,1)$ $1-\eta-\gamma=0$ , .
(i) $(x,y)\in \mathcal{N}_{r}(\beta)$
$|| \overline{\Delta x}||_{r}||\overline{\Delta y}||_{r}\leq\frac{1}{2}\sqrt{K_{O}}(\frac{\beta^{2}+(1-\gamma)^{2}(r+1)}{1-\beta})\mu$
.
(ii) $(x,y)\in \mathcal{N}_{2}(\beta)\cup N_{-\infty}(\beta)$ ,
$|| \overline{\Delta x}||,||\overline{\Delta y}||_{r}\leq\frac{1}{2}\sqrt{K_{G}}(1-2\gamma+\frac{\beta^{2}+(1-\gamma)^{2}(r+1)}{1-\beta})\mu$
.
, $\sqrt{K_{G}}$ , .
44($Th\infty rem10.1$ of [25]). $\psi$ : $Karrow V$ 41 ,
$\sqrt{K_{G}}$ $\kappa<\infty$ . .
(i) $O(\kappa\sqrt{r}(1+\theta)\log\epsilon^{-1})$ .
(ii) $O$ ( $\kappa r(1+\theta)$ log $\epsilon^{-1}$ )
.
$\sqrt{K_{G}}$ $P\in \mathcal{P}(xlI’ y_{w})$ , $xs$ , $\epsilon x$ , $NT$
, $\sqrt{K_{G}}$ , .
42(Lemma 36 of [22]). $G=L(\tilde{y})^{-1}L(\overline{x})$ .
(i) $NT$ , $G$ $K_{G}$ 1 .
(ii) $xy$ $yx$ ,
(a) $(x,y)\in \mathcal{N}_{r}(\beta)\cup N_{2}(\beta)$ $K_{G}\leq 2/(1-\beta)$ ,
(b) $(x,y)\in N_{-\infty}(\beta)$ $K_{G}\leq r/(1-\beta)$ .
42 44 . .
4.1. $\psi$ : $Karrow V$ 41 . ,
, $NT$ , $xy$ , $yx$ , .
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$\psi$ $\theta=0$ , 2
5





(d) , Lipschitz ,
.
4.1 $\psi$ Lipschitz .
(e1) NT , short-step $O(\sqrt{r}(1+$
$\theta)$ log $\epsilon^{-1}$ ) $.$ semi-long-step long-step $O(r(1+\theta)\log\epsilon^{-1})$
\epsilon \vee .
(e2) $xy$ $yx$ ,
$O(\sqrt{r}(1+\theta)\log\epsilon^{-1})$ , $O(r(1+\theta)\log\epsilon^{-1})$ ,
$O(r^{1.5}(1+\theta)\log\epsilon^{-1})$ $\epsilon$-
.
, $\theta=0$ , , 2
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